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Abstract 

Firstly, we propose a new area spectrum based on the Einstein-Kaufman pseudo 
tensor by pointing out an error in the previous derivation of the area spectrum 
based on Ashtekar's variable; instead of the norm of Ashtekar's gravitational electric 
field, we show that the norm of our "new" gravitational electric field based on this 
pseudo tensor gives the correct area spectrum. Remarkably, by using this new 
area spectrum, we "almost correctly" predict the Bekenstcin-Hawking area entropy 
relation without adjusting Immirzi parameter; we get 0.997 • • • for a formula which, 
when naively calculated, should come out to be 1 if the black hole entropy is A/ A. 
We conjecture that this difference 0.003 is due to the extra dimensions which modify 
the area spectrum; this difference gives a very strong constraint on the size of the 
extra dimensions which should be understood by future research. 

Secondly, we show that the degeneracy of black hole state should be \/A{e^/^ — l) 
rather than simply e"*/*, if the Hawking radiation agrees with the Planck law. By 
calculating this degeneracy numerically using our new area spectrum, we show that 
this is the case except for the case when A is small. Also, by the same numerical 
calculations, we show that the area spectrum predicted by Ashtekar's variable theory 
doesn't satisfy our degeneracy ^/A{e^^'^ — 1). 

As our radiation spectrum deviates from the Planck law for the small frequency 
of photon, our area spectrum can be either falsified or verified if the Hawking radi- 
ation, with its spectrum, is observed at LHC. 
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1 Introduction 



In his later years, Albert Einstein studied the relativistic theory of the non-symmetric 
field. In this theory, one does not assume that the metrics and the Christoffel symbols are 
symmetric; they can be non-symmetric. He published his result with Bruria Kaufman 
in paper [1], and by himself in book [2]. In this paper and the book, he introduced a 
pseudo tensor U-j^, which is related to the Christoffel symbol F^^ by a simple arithmetic 
formula. 

The advantage of using this pseudo tensor over the Christoffel symbol is that Ricci 
tensor is invariant under the transpose of this pseudo tensor, which Einstein and Kauf- 
man called "transposition invariant." In other words, if the Ricci tensor Ri^. is expressed 
by the pseudo tensor Ujl, one can immediately see that the Ricci tensor ii^j is obtained 
by plugging UJJ into the previous formula. Of course, the quantum version of this 
transposition invariant should be Hermiticity, and this pseudo tensor has its advantage, 
because Hermiticity of an observable means that it gives us a real value. 

After writing the Einstein-Hilbert action in terms of this pseudo tensor, by an usual 
procedure of Euler-Lagrangian and Hamiltonian mechanics, we can easily obtain the 
poisson bracket of the corresponding canonical variable and its conjugate momentum. 
In quantum version, this poisson bracket becomes a commutator. This commutator 
enables us to calculate the spectrum of area and volume, which we obtain to be different 
from that of Ashtekar's variable theory presented in [H [5l [11]. We obtained a different 
result because the paper [TT] which claimed that the norm of gravitational electric field 
gives the area spectrum suffers from an error; in this paper, we suggest that the norm 
of our "new" gravitational electric field gives the correct area spectrum. 

After obtaining the new area spectrum, we plug in this result to a variation of the 
formula which can be found in [7]. We obtain 0.997 • • • for the numerical calculation that 
should, when naively considered, come out to be 1 if the famous Bekenstein-Hawking 
entropy formula (S = A/ A [IS [13]) is satisfied. The fact that this numerical value we 
have obtained is so close to 1 strongly suggests that the new area spectrum which we 
will present in this paper is correct. We conjecture that this difference 0.003 is due 
to extra dimensions which seem to modify the area spectrum. This concludes the first 
main argument which is presented from chapter 2 to chapter 6. 

In the second phase of our paper we present another convincing proof that this 
area spectrum obtained in chapter 5 is correct. To this end, we consider the Hawking 
radiation spectrum. It is very well-known that the black holes must radiate photons of 
which the spectrum is given by the Planck's law [13j. In 1995, Bekenstein and Mukhanov 
tried to derive this spectrum on the assumption that there is only one unit area, and 
all the spectrum of the area are integer multiples of this unit area [15j. Unfortunately, 
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they failed to reproduce the Planck and Hawking's radiation spectrum exactly because 
of this wrong assumption. 

In section 7, we will generalize Bekenstein and Mukhanov's argument in order to 
apply it to our case in which there exist not a single unit area, but a multiple number of 
unit areas. Moreover, in that section, we will show that the number of microstates for 
the black hole with area A should be given by \J~A{e^l^ — 1) rather than e^l^ in order 
that the spectrum of Hawking radiation agree with the Planck's black body radiation 
spectrum. 

In section 8, we will use the area spectrum obtained in chapter 5 to numerically prove 
that the number of microstates corresponding to the black hole area A does indeed agree 
with our formula \J~A{e^l'^ — 1) except for the first few area spectrum. Another point 
that I want to mention is that we do not yet know how exactly the extra dimensions 
affect each of the area spectrum. This is the reason why we will just treat as if our 
new area spectrum were exact; Luckily, they still show remarkable agreements with our 
formula. One may easily guess that this is so because the real area spectrum modified by 
extra-dimensional effects are not quite different from our "approximate" area spectrum, 
since the difference between 1 and 0.997 is very small. 

In section 9, by using the same method employed in section 8, we show that the area 
spectrum predicted by Ashtekar's variable theory imply that the number of microstates 
corresponding to the black hole area A doesn't agree with \/Z(e^/'^ - 1). Therefore, the 
area spectrum based on Ashtekar's variable theory is falsified by numerical calculations. 

In section 10, we conclude our paper. 

2 Einstein's pseudo tensor 

In [Tl[2], Einstein introduces Ricci tensor as follows. 

-Rife = rffc,s ~ '^\s,k ~ '^\i^\k + '^\k^\t (1) 

To see that the formula (1) is not transposition invariant, we take its transpose which 
yields the following: 

p* _ "T* _ "T* _i_ "T* lO\ 

^ki — ki,s ^ si,k ^ ti^ ks ^ ^ ki^ ts {■^J 

By exchanging k and i in the above formula and changing the dummy variables, we get: 

p* -ps -pS -pS pt I pS pt /OA 

^ik — ^ ik,s ^ sk,i ^ it^ sk ~^ ik^ ts W 

which is different from (1). Therefore, the Ricci tensor is not transposition invariant, 
when written in terms of the Christoffel symbols. To make the Ricci tensor transposition 
invariant, we introduce the pseudo tensor [7^?^ as follows [Il[2]: 
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Uk = ^\k-^IA (4) 
Here, we observe that the two terms linear in F in (1) is expressed in a single term as 
^ik s- Contracting k and 1 in (4), we get 

ult = -3r*i (5) 

Therefore, we obtain the following expression for T in terms of U: 

^ik = Ulk-lutA (6) 
Plugging this formula to (1), we get 

Rik = U-k^g - UftUlk + -^U-JJlk (7) 

which is transposition invariant, as advertised. Now, we have a concrete basis to quantize 
Einstein's pseudo tensor, which is the main topic of the next chapter. 



3 Quantization of Einstein's pseudo tensor 

We can write the Einstein-Hilbert action as follows 

S = j (i'xy/^g'^Rik (8) 

where Rik is defined in (7) . The equation (8) contains terms with time derivatives which 
give us dynamics. These terms should be interpreted as canonical variables, and their 
momentum conjugates arc ^J—gg^^ = , where £ is the Lagrangian density, and U^uS 

are canonical variables. Therefore, we can write the following formula, as the poisson 
bracket of a canonical variable and its conjugate momentum gives the value 1 or delta 
functions. 

{V^5"'(r), C/°,(r')} = 6-5'a^\f, r') (9) 
Now we will claim the following equation: 

V^g'^' = DID'' (10) 

Here, D is our "new" gravitational electric field, of which the norm is the area. 
We will prove this formula in section 4. Considering the above formula, we obtain the 
following: 

{Dt{T)D'\T), C/^(f')} = 5t5l5\T,T') (11) 
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Compare this formula with the result of Ashtekar variables stated in (4.25) in page 148 
of [3]. That is: 

{Ai{r),E'^{T')} = 6'j}6'{T,T') (12) 

We find that our formula contains two Ds, while Ashtekar variable formulation has one 
E. 



4 Area is the length of our "new" gravitational electric 
field 

In the paper [llj . Rovelli asserted that area is given by the length of gravitational electric 
field. He obtained this result by considering the area element as follows. 

E'{x) = E'"'{x)eabcdx' A dx^ (13) 

However, this relation is not correct, because eabc he considered is not a tensor, (i.e. 
the Levi-Civita tensor) but just a tensor density or equivalently, a number, (i.e. the 
Levi-Civita symbol: ei23 = 1) Therefore E^"'{x) considered above is not covariant. By 
using the above formula Rovelli obtained the following formula. 

which is clearly different from our formula (10). Now, let me illustrate how we obtained 
this formula (10). Let's write the area element as follows: 

E\x) = D^''{x)eabcdx^ A dx^ (15) 

where eabc is a tensor, (i.e. ei23 = \/—g) Equivalently, if we use vierbein formalism, the 
area element is simply given by the wedge product between two vierbein field as follows: 

E{x) = labce^ A (16) 

where e is a tensor density defined by ei23 = 1. Now let's relate the formula (15) and 
(16). Instead of calculating their norms and equate them, let's just calculate the length 
squared of each of them and equate them, since if their length squared are the same, 
their norms are the same. To find the length squared, we will do a dot-product with 
itself. 

First, from (15), we get 

j < E\ E' >= J < D'^eabcdx^ A c^x^ D'^ef^ddx^ A dx'^ > 

= I D^'^D^feabcefedig'^g"' - g^'gnd^x (17) 
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On the other hand, from (16), we get 

J < E\ >= j {labce'' A e') A [e'^ A e") = j ^gcfx (18) 

Here, we used the fact that the Hodge dual of {eahc^^ A e'^) is (e*^ A e''). Now, we can 
write the above formula slightly differently as follows. 

j ^gd^x = I V^g'^feabcefedig'^g"' - g'^'g^d^x (19) 

Equating this with (17), we obtain: 

^g"^ = Yl D'^D'f (20) 

i 

which we claimed before in (10). 

5 The spectrum of area 

The fact that our formula (11) contains two Ds instead of one E as in (12) in the 
commutator has a far reaching consequence in calculating the spectrum of area. 

As explained earlier, according to the loop quantum gravity based on Ashtekar's 



variable, the spectrum of area is calculated to be the eigenvalues of y^EfW piHlfTT]. 
In Ashtekar's and Rovelli's theory, as E is the conjugate momentum of A, to calculate 
the previous formula, we have to replace Es by derivatives with respect to As, the 
connections. Explicitly, it means the following [3]: 

Ef^siA) = ^^^siA) (21) 

Here ^'s(^) is the spin network state. 

On the other hand, in Einstein's pseudo tensor theory, one has to differentiate the 
spin network state with respect to the pseudo tensor U instead of the connection A. 
Before calculating this explicitly, let me mention that A^ is related to F^j in a natural 
way as follows: 

A^^dx^ = u;%dx^^ = r%dx^^ (22) 

Therefore, taking derivatives with respect to A^ is the same as taking derivatives 
with respect to F^j. Moreover, if we take the path for the holonomy at equal times 
which is usual and natural, we get that differentiating the holonomy with respect to 



^J.o 

W( 

only need to consider the case when m ^ 0. This fact has the following consequences: 



is equal to zero. Therefore, when differentiating the holonomy with respect to F^^ we 
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As we apply this formula to the chain rule, we can say that differentiating with respect 
to the connection Al^ is equivalent to differentiating with respect to the pseudo tensor 
U^j^ as follows. 

However, considering (11), in this case we observe that taking the derivative with 
respect to U brings down two Ds instead of one E as in (21) in the Rovelli's theory. 
This means the following: 

J^^siA) = DtD'^^i^.iA) (25) 

Comparing the above formula with (21), we can understand that the eigenvalues 
of Ds of loop quantum gravity based on Einstein's pseudo tensor is the square root 
of the eigenvalues of Es (gravitational electric field) in loop quantum gravity based on 
Ashtekar's variable. Thus, we conclude that the area spectrum obtained by our theory 
is the square root of those of Ashtekar's variable. Therefore, to obtain the area spectrum 
predicted by our theory, we first need to look at the general area spectrum predicted 
by Ashtekar's and Rovelli's theory, because all we need to do is taking the square root 
of it. To this end, instead of writing down the derivation of the general area spectrum 
obtained by Ashtekar's variable theory, we simply quote the result. [3 [8] 

^ = 4vr7 ^ ^J2jfijr + 1) + 2jf{jf + 1) - j*(i* + 1) (26) 

i 

where 7 is the Immirzi parameter and jf, jf, jf are quantum numbers which satisfy the 
constraints found in [7]; i.e. jf, jf are non-negative half-integers, jj is a non-negative 
integer, while the sum of these three numbers should be an integer and any of the two 
numbers in this set of three numbers is bigger than or equal to the other one number. The 
authors of [7] note that the condition that is an integer is "motivated by the ABCK 
framework where the "classical horizon" is described by U(l) connection." [7J [H] Now, 
the area spectrum of our theory is the following, as it is the square root of Ashtekar's 
variable theory: 

^ = 8^ E V^-^'f OT + 1) + 2jf (jf + 1) - jM + 1) (27) 

i 
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6 Black hole entropy calculation 



This section closely follows [7J . To understand the formula which can check whether the 
black hole entropy is A/4, we reconsider the "simplified area spectrum" as follows. We 
consider the following number of states N{A). 



N{A) := . . . , j„)|0 / G ^, ^ + 1) 



A 

8ttj 



(28) 



We derive a recursion relation to obtain the value of N(A). When we consider 
(ji) ■ ■ ■ G N{A — ai/2) we obtain (ji, • • • ,jn, ^) G N{A), where ai/2 is the minimum 
area where only one j = 1/2 edge contributes to the area eigenvalue, i.e., ai/2 = 



8t^1\J\{\ + 1) = 47r7\/3. Likewise, for any eigenvalue aj^(0 < Oj^ < A) of the area 
operator, we have 

(ii, • • • , in) G N{A - ajj =^ (ii, • • • , in, j,.) G N{A). (29) 

Then, important point is that if we consider all < aj^ < A and {ji, ■ ■ ■ , jn) £ 
N(A — aj^), (ji, • • • ,jn,jx) form the entire set N{A). Thus, we obtain 

N{A) =Y^N{A- 87rjy/j{j + 1)). (30) 

j 

By plugging N{A) = exp(A/4), one can determine whether the above formula satis- 
fies Bekenstein-Hawking entropy formula. If the Bekenstein-Hawking entropy is satisfied, 
the following should be satisfied |16j : 



1 = exp(-87r7Vj(JTl)/4) (31) 
j 

Now, we can simply generalize the above formula to the case of general area spectrum 
as follows. 



Y.^l^'^^^^^i + 1) + + 1) - jM + 1) = ^} • (32) 

In the paper [Tj, the authors change the variables jf,jf,jl to integers to calculate easily. 
We will not show these details here. One may easily refer to this construction in their 
paper. Then, they consider "the proposal that we should count not only j but also 
m = —j, — J + 1, • • • , j — 1, J freedom based on the ABCK framework." [TJ [T3] Then, they 
go on to claim that counting only m related to j" and f "is reasonable from the point 
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of view of the entanglement entropy [T7] [18] ([2D]) or the holographic principle [19j" [7]. 
Thus, we get the following formula which is a generalization of (31). 



1 = E{(2jT + 1) + (2if + l)}exp(-8^yi^2j«(j« + 1) + 2jf{jf + 1) - j*(j* + l)/4) 

(33) 

One thing to comment on the above formula is that the authors of [7J incorrectly 
put 2j" + 1 instead of (2j" + 1) + {2jf + 1) when jf is equal to jf. By calculating 
using Mathematica, we obtained 0.997- • • for the right-hand side of (33). The fact that 
the right-hand side is so close to 1 suggests that the general area spectrum obtained by 
applying Einstein's pseudo tensor into loop quantum gravity is on the right track. We 
hope that this very small difference between 0.997 • • • and 1 will be understood in terms 
of the effects of extra dimensions. 



7 Derivation of the number of states for a given area 

The intensity of light with given frequency v and with given radiating object's area A 
in the black body radiation is given by the following formula, the Plank's law. 

2hv^ Adv 

Equivalently, the number of photons produced is given by: 

_ Adu 

driphotan - ^hyjkT _ I (3^) 

In the case of the black hole, the black hole radiates certain frequencies of light 
corresponding to the spectrum of areas. As is the case in [15], it is easy to see that 
hv/kT should correspond to Agpec/^^ where Agpec is the area spectrum, since the leading 
behavior in the denominator should reproduce the black hole entropy. From p!3], we 
also know that 1/kT = SttM and Abh = IGvrM^ where M is the mass of the black 
hole, and Abh the area of the black hole. Plugging everything into ()35p . we obtain the 
following: 

«nphoton - 2048vr9/2 ,/A^(^e^sr,../4 _ 1) ^^^^ 

Considering the fact that the numerator on the above equation is merely a phase 
space factor and the general argument presented in [15], we can conclude that the 
denominator should give the number of states for the area A A = Abh = Agpec- 
Therefore, we argue that the number of states for the area between A and A + dA is 
given by the following formula: 
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dN{A) = ^\/I(e^/^ - l)dA (37) 

Where C is a constant we failed to calculate analytically, even though it may naively 
seem that it can be easily derived from ()36p . We will determine this constant by a 
numerical method in the next chapter. 

8 Another verification of our area spectrum: the number 
of states 

The area spectrum we obtained in chapter 5 is not exact, as there is a difference between 
0.997 and 1. So, it may be a wrong way to use our non-exact area spectrum to verify 
our formula (j37p . However, our area spectrum is almost correct, since the difference 
between 0.997 and 1 is very small. So, we may as well use our non-exact area spectrum 
to verify this formula ()37p . since there is no way to obtain the exact area spectrum at 
this point. 

To this end, we integrate both hand-sides of ([37|1 . then we get the following: 

= 11 (38) 

where N{A) is the number of states between and A (including A), and I {A) is 
given by: 

I{A)= / VI'(e^'/4 _ 1)^^/ (39) 

In an ideal case, when our area spectrum totally respects the Planck law, C{A) is a 
constant that doesn't depend on A. 

In addition, to calculate easily, we define a variable x as following: 

X = 2i«(jr + 1) + 2jf (if + 1) - m + 1) (40) 

Then, we can easily see the following relation: 



^(x)=87r-^^V^ (41) 

We will use this notation for the following table. Putting everything together, and 
using computer, we obtain Table 1. 

In the table, we can see that the value of C quickly stabilizes after the first several 
spectrum and converges to a fixed value 172~173 for the higher frequencies. 
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Table 1: C(A), pseudo tensor case 



X 


A 


N(A) 


1(A) 


C(A) 


1 


17.8 


4 


1193 


298.2 


2 


21.1 


14 


3166 


226.1 


3 


23.4 


32 


5977 


186.8 


4 


25.1 


50 


9702 


194.0 


5 


26.6 


72 


14425 


200.3 


6 


27.8 


110 


20240 


184.0 


7 


28.9 


154 


27242 


176.9 


8 


29.9 


204 


35535 


174.2 


9 


30.8 


262 


45223 


172.6 


10 


31.6 


326 


56416 


173.1 


11 


32.4 


388 


69229 


178.4 


12 


33.1 


474 


83778 


176.7 


13 


33.7 


584 


100187 


171.6 


14 


34.4 


684 


118581 


173.4 


15 


35.0 


804 


139090 


173.0 



9 Falsification of Ashtekar-Rovelli model 

As mentioned in section 6, "the authors of [7] incorrectly put 2jf + 1 instead of {2jf + 
1) + {2jf + 1) when jf is equal to jf" when calculating the number of states. Fixing this 
mistake, we obtained 0.85417 • • • for the Immirzi parameter. This value of the Immirzi 
parameter is the one we will use to falsify Ashtekar-Rovelli model. 

As in section 8, ([39]) and (jlO]) are still valid, but ([^T]l is not. ([^T]) should be modified 
by the following formula: 

A{x) = 'iiTj^/x (42) 

where 7 is 0.85417- • •. Putting everything together, we obtain Table 2. 

In the table, we can see that C doesn't converge, it keeps growing. 

Therefore, we conclude that the area spectrum based on Ashtekar's variable doesn't 
reproduce the Planck law. 

10 Discussion and Conclusions 

In the first part of our paper we introduced Einstein's pseudo tensor, and by quantizing 
it, we applied it to calculating the spectrum of area. We obtained that the spectrum of 
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Table 2: C(A), Ashtekar variable case 



X 


A 


N(A) 


1(A) 


C(A) 


1 


10.7 


4 


123 


30.7 


2 


15.2 


14 


543 


38.8 


3 


18.6 


32 


1520 


47.5 


4 


21.5 


66 


3481 


52.7 


5 


24.0 


88 


7091 


80.6 


6 


26.3 


206 


13351 


64.8 


7 


28.4 


250 


23733 


94.9 


8 


30.4 


544 


40364 


74.2 


9 


32.2 


810 


66260 


81.8 


10 


33.9 


1234 


105637 


85.6 



area is the square root of the spectrum of area predicted by Ashtekar 's variable theory. 
By using this result for the area spectrum, we showed that our result "almost correctly" 
predicts the Bekenstein-Hawking entropy formula. This is very remarkable because no 
one, in the current framework of loop quantum gravity, has succeeded yet to predict 
Bekenstein-Hawking entropy formula without adjusting Immirzi parameter. Of course, 
it's because Immirzi parameter, which is explained in [6], plays an indispensable role in 
current framework of loop quantum gravity. Nevertheless, a consistent check is lacking, 
as no one has computed the value of Immirzi parameter by other ways than adjusting 
it to make the Bekenstein-Hawking entropy formula hold. Therefore, our theory is very 
advantageous. 

We also conjecture that the very small discrepancy between 0.997 • • • and 1 is due 
to the extra dimensions which seem to modify the area spectrum. We hope that this 
discrepancy will enable us to determine at least the length scale of the compact extra 
dimensions by future research. For example, one may check whether Arkani-hamed and 
Dimopoulos's proposal ^ that new dimensions are at a millimeter is consistent with 
this very small discrepancy. Or, one may also check whether Randall- Sundrum model 
[lOj is consistent with our theory. In any case, we hope that our theory will be a useful 
tool to probe extra dimensions; our theory gives a very strong constraint on the size of 
the extra dimensions. 

In the second part of our paper, we numerically showed that our area spectrum agrees 
with the Hawking radiation spectrum, or equivalently the Plank law, which is remark- 
able, because the area spectrum obtained using Ashtekar's variable doesn't reproduce 
the Hawking radiation spectrum. It is evident that the loop quantum gravity theory 
based on Ashtekar's variable and Immirzi parameter should be abandoned, because they 



11 



are not related to the area spectrum. 

Finally, our new area spectrum gives falsifiable predictions should it be the case 
that Hawking radiation is observed at LHC; the Hawking radiation spectrum is discrete 
rather than continuous, because the area spectrum is quantized. As there is a gap 
between zero and the smallest value of area allowed, there are no photons emitted below 
a certain frequency which we calculate to be hv/kT 4.44. We hope that this is verified 
at LHC. 
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